LEGENDRIAN HELIX AND CABLE LINKS 



FAN DING AND HANSJORG GEIGES 

Abstract. Lisa Traynor has described an example of a two-component Le- 
gendrian 'circular helix link' Aq U Ai in the 1— jet space J^{S^) of the circle 
(with its canonical contact structure) that is topologically but not Legendrian 
isotopic to the link Ai U Aq. We give a complete classification of the Legen- 
drian realisations of this topological link type, as well as all other 'cable links' 
in J^(S^). 



1. Introduction 

Considerable progress has been made towards the classification of Legendrian 
knots and links in contact 3-manifolds, e.g. [31 [H [1] . For a general introduction 
to this topic see [2]. In [10], Lisa Traynor exhibited an intriguing example of an 
ordered Legendrian two-component link that is topologically but not Legendrian 
isotopic to the link obtained by interchanging the two components. The purpose of 
the present paper is to give a complete classification of the Legendrian realisations 
of this and some related topological link types. 

Let 

J^{S^) = T*S^ X R = {{x, y,z): xe ]R/27rZ, y,zeR} 
be the 1-jet space of with its standard contact structure 

^ = ker(d2; — ydx). 

Here y denotes the fibre coordinate in T*S^, and z the coordinate in the M-factor 
of J^{S^). The graph of any smooth function g: 5^ ^ R lifts to a Legendrian knot 

Ag {{x, y,z): y = g'{x), z = g{x)}. 

The linear interpolation between two smooth functions g,h: —>-M. gives rise to a 
Legendrian isotopy between Ag and Ah- The following theorem, therefore, is rather 
surprising. Here we write As for the Legendrian knot corresponding to the constant 
function of value s e R, oriented by the variable x. 

Theorem 1 (Traynor). The ordered Legendrian links Aq U Ai and Ai U Aq in 
{J^{S^),£,) are topologically, but not Legendrian isotopic. 

In Theorem [5] below we give a complete classification of the Legendrian realisa- 
tions of the 'circular helix link', i.e. the topological link type Aq U Ai in {J^{S^), ^). 
We then take this theorem as the starting point for the classification of more gen- 
eral Legendrian 'cable links' in {J^(S^),£,). A further purpose of the present paper 
is to address a subtle point in our earlier classification of Legendrian cable links 
in S^, where previously we did not provide full details, see [Ij p. 154]. The relevant 
argument relies in an essential way on the classification of Legendrian circular helix 
links. 
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Before stating our results, we need to recall the definition of the classical invari- 
ants of a Legendrian knot in {J^{S^),£,). 

2. Legendrian knots in J^{S^) 

By identifying with M/27rZ, we can visualise a Legendrian knot K C J^{S^) 
in its front projection to a strip [0, 2tt] x M in the a;z-plane. The Thurston— 
Bennequin invariant of K is 

th{K) = writhe(i^) - i#(cusps(X)), 

where the quantities on the right are computed from the front projection of -ftT. This 
is the signed number of crossing changes required to 'unlink' K from its push-off 
K' in the ^-direction (i.e. transverse to that is, the number of crossing changes 
that will allow one to separate the two knots in J^{S^). 

The rotation number of the oriented Legendrian knot K is defined in terms 
of the front projection as 

rot(X) = i(c_ -c+), 

with c± the number of cusps oriented upwards or downwards, respectively. 

There arc definitions of these invariants that do not rely on the front projection, 
and which show that tb and rot arc in fact Legendrian isotopy invariants, cf. pi. 

The discussion in [1] also shows that the Thurston-Bennequin inequality for 
Legendrian realisations Lq of the topological knot type Aq takes the form 

tb(io) + |rot(Lo)| < 0. 
It follows that the maximal Thurston-Bennequin invariant of such knots Lq is 
tb(Lo) = 0, and this maximal value is realised by the Legendrian knot Aq. By 
stabilising Aq, as described in the next section, one can realise any non-positive 
integer —m in the form —m = tb(Lo)- 

In [H Section 6] we wrote down an explicit contact embedding /: J^{S^) 
(both manifolds equipped with their standard contact structure) . The image of / is 
the complement of a standard Legendrian unknot Kq] the knots /(Aq) and Kq form 
a Hopf link. We shall frequently use the contactomorphism /: J^{S^) \ Kq 

to relate Legendrian links in the two manifolds. 

3. Legendrian helix links 

The stabilisation S±{K) of a Legendrian knot K in {J^{S^),£,) is the Legen- 
drian knot whose front projection is obtained from that of K by adding a 'zigzag' 
as in Figure [TJ 




Figure 1. Legendrian 'zigzags'. 

A zigzag oriented downwards gives a positive stabilisation 3+, while a zigzag 
oriented upwards gives 5_ . Hence 

th{S±{K)) = th{K) - 1, rot{S±{K)) ^ rot{K) ± 1. 
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Stabilisations are well defined and commute with each other. 

Theorem 2. Let L ~ Lq U Li he a Legendrian link in (J^(S'^),^) of the same 
(topological) oriented link type as Aq U Ai. 

(a) //tb(Lo) = tbC-^i) = 0, then L is Legendrian isotopic to either Aq U Ai or 
AiUAo. 

(b) If one of th{Lo),th{Li) is negative, then L is Legendrian isotopic to 
where 

,^ -tb(L,) +rot(£,) , _ -tb(£,) - rot(£,) 

fci — 2 T H — 2 , i — U, i. 

In particular, the phenomenon observed by Traynor disappears with the first 
stabilisation. Theorem [2] will be proved by a method analogous to that in [3l[T]. In 
[1] , one of the key ingredients was the classification of tight contact structures on a 
thickened torus x [0, 1], here it is the classification of tight contact structures on 
the product of a pair of pants with a circle, as obtained by Etnyre and Honda [4]. 
The other main ingredient is convex surface theory in the sense of Giroux; the 
exposition given in 3, Section 3] is sufficient for our purposes. 

Proof, (a) For i? > 0, consider the solid torus 

Mr = {{x, y, z) e J\S'): + < R^}. 

As meridian fi of this solid torus we may take the curve on dMji given by a; = 0, 
oriented positively in the yz-plane; the curve given by {y,z) = (i?, 0), oriented 
by the parameter a;, can serve as longitude A. Then (/i. A) is a positive basis for 
HiidMR). 

The vector field X := ydy + zdz satisfies Cx{dz — ydx) = dz — ydx, so it is a 
contact vector field for ^. Hence OMr is a convex torus whose dividing set — the 
set of points where X € ^ — consists of two longitudes {y — ±i?, z = 0}; i.e. these 
dividing curves have slope oo with respect to {fi, A). The characteristic foliation on 
OAIr is the Legendrian ruling of slope 1 defined by the vector field dx + ydz — zdy\ 
this foliation has singularities along the Legendrian divides {y — z = ±_R}. 

Since tb(Ao) = tb(Ai) = 0, we find disjoint tubular neighbourhoods Nq.Nx of 
these two knots with convex boundary having two dividing curves of slope oo. Like- 
wise, we may choose disjoint tubular neighbourhoods Vb, Vi of Lq, Li, respectively, 
with convex boundary of the same kind. These neighbourhoods are contactomor- 
phic by a diffeomorphism preserving the longitude (and, obviously, the meridian). 
We may assume that R has been chosen large enough such that these four tubular 
neighbourhoods are contained in Int(Afj^). 

Write E for a pair of pants, i.e. a disc with two open discs removed. Both 
Mr \ Int(A^o U iVi) and Mr \ Int(Vo U Vi) are homeomorphic to E x S^. All the 
boundary tori are convex of slope oo with respect to ^. As shown in Lemma 10 
and Lemma 11 of |4], this information determines the tight contact structure on 
S X S*^ up to a permutation of the two interior 'holes'; in other words, we find a 
contactomorphism 

(j): Mr \ Int(Vb U Vi) > Mr \ lnt{NQ U A^i) 

that is the identity on OMr, and sends (9Vb,9T4) to [dNso^dNs^) for some per- 
mutation (so, si) of (0, 1), preserving the corresponding longitudes and meridians. 
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We can extend (f> to a contactomorphism of (J^(5^),^) that sends Lq U Li to 
Asg U and equals the identity map outside Mr. As explained in the proof of [U 
Thm. 3.3], such a contactomorphism is contact isotopic to the identity. This yields 
the Legendrian isotopy of Lq U Li to Agg U A^^. 

(b) Suppose that tb(io) < 0. Choose an annulus A, disjoint from Li, with 
boundary curves Lq and A^ for some large constant s. The surface framing of A^ 
determined by A corresponds to the vector field dz, so does the contact framing 
of As, which satisfies tb(As) = 0. Since tb(Lo) < 0, the contact framing of Lq 
determined by ^ makes at least one negative (i.e. left) twist relative to its surface 
framing determined by A. The condition that the contact structure ^ twist non- 
positively relative to the surface framing along either boundary component of A is 
precisely what is needed so that one may invoke [6l Prop. 3.1], which tells us that 
we can find a C°-small perturbation of A rel Lq, A^ (keeping it disjoint from Li) 
into a convex surface. 

In slightly less explicit form, this perturbation statement is also part of the 
following result of Kanda [7], cf. [1] Thm. 4.8], to which we shall refer frequently in 
the sequel. 

Theorem 3 (Kanda). If ^ is a Legendrian curve in a surface E, then E may be 
isotoped relative to 7 so that it is convex if and only if the twisting ts(7) of the 
contact planes along 7 relative to the framing induced by T, satisfies is (7) < 0. // 
E is convex, then 

is(7) = -^#(7nr), 

where #(7nr) denotes the number of intersection points of ^ with the dividing set 

r o/E. 

By this theorem, the dividing curves of the (convex) annulus A intersect Lq,As 
in — 2tb(_Lo) > 0, — 2tb(As) = points, respectively. This means that there is 
a boundary parallel dividing curve along Lq? which allows us to destabilise this 
Legendrian knot in J^{S^) \ Li, cf. |3j Lemma 3.9]. 

By iterating this procedure we find Legendrian knots Lq,L[ with tb(LQ) = 
th{L[) — and non-negative integers ki, li such that S'^ S^i{L'^) — Li, i — 0,1. So, 
by (a), L is Legendrian isotopic to 

for some permutation [sq, si) of (0, 1). From the behaviour of the classical invari- 
ants tb and rot under stabilisation it follows that the relation between ki , h and 
tb(Li), rot(Li) is as stated in the theorem. 




27r — TT TV 

Figure 2. A Legendrian isotopy between Aq U S+{Ai) and Ai U S+{Ao). 

It remains to show that in fact either permutation gives the same Legendrian 
isotopy class, provided there is at least one stabilisation. For that, it suffices to 
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describe a Legendrian isotopy between, say, Aq U 5+(Ai) and Ai U S+{Ao); the 
picture for a single negative stabilisation is analogous. Figure [2] indicates that a 
couple of Legendrian Reidemeister moves of the second kind will do the job. □ 



In our earlier paper [T] we gave a classification of Legendrian (p, g)-cable links 
in S^. As pointed out on p. 154 of that paper, we still owe the reader a final detail 
in one particular case of that classification. Here we provide the missing argument, 
which depends crucially on Theorem [2l 

Recall the set-up from [Tj, cf. Figure [3l Let Lq be a trivial knot in S^. Denote 
by n and A meridian and longitude on a torus T, viewed as the boundary of the 
complement of a tubular neighbourhood of Lq; this unusual convention was chosen 
in [T] for technical reasons. A {p, g)— cable link is a link of the form L = U Li 
with Li a knot on T homologically equivalent to pfi + qX. 



In [T] we classified Legendrian realisations of this link type. With the notation 
m := — tb(Lo), the case for which additional details have to be provided is the one 
where q > 2, p — —1 and — m + q < (case 3(b2-iii) in [T]). Here the maximal 
possible value of tb(iyi) is pq. What remains to be shown in order to complete the 
argument from [1] is the uniqueness of the Legendrian realisation of this link type 
with tb(Li) = pq and given rotation numbers in the allowable range determined 
by equations (4.3) and (4.4) of [1] (as we shall see, no explicit reference to these 
equations will be necessary in the discussion that follows). 

As explained in [H p. 147], we may assume that the torus T on which Li sits is a 
convex torus in standard form (cf. [U Defn. 4.1]), and Li is one of an even number 
of Legendrian divides on T. The slope of these curves — with T now regarded as 
the boundary of a tubular neighbourhood of Lq — is p/q = —l/q. 

For such slopes, [3l Lemma 3.17] does not apply. For other slopes, this lemma 
could be used to show that all Legendrian divides are isotopic. In particular, one 
could use bypasses in order to remove all but two Legendrian divides and still 
assume without loss of generality that Li was one of these remaining Legendrian 
divides. 

Instead, we argue as follows. The torus T being convex, there is a contact flow 
transverse to T. Use this flow to push T further away from Lqi so that L may 
now be regarded as a link in the interior of a solid torus V with convex boundary 
of slope —l/q. If there are more than two dividing curves (and hence Legendrian 



4. Cable links in 
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Figure 3. Choice of meridian /i and longitude A. 
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divides) on dV we can use bypasses on meridional discs of the complementary solid 
torus for reducing the number of dividing curves down to 2. Now ignoring the 
complement of V, we can apply a diffeomorphism to V (changing the longitude(!) 
of dV from —fi to —fi + qX) such that the boundary slope becomes oo. 

This allows us to identify V with a standard neighbourhood of Aq in J^{S^). 
With respect to this identification, L is topologically isotopic to Aq U Ai. If — m + 
q < then we are done by Theorem [2] (b) , because in this situation Legendrian 
realisations of this link are unique even inside V. 

If —m + q — 0, then by Theorem [5] (a) our link L is Legendrian isotopic inside 
V to one of Aq U Ai or Ai U Aq. Observe that the two components of this link 
are Legendrian push-offs of each other. Translated back into S^, this means that 
L consists of a topologically trivial Legendrian knot and its Legendrian push-off, 
or what is called the 2— copy of a topologically trivial Legendrian knot in [8J . (For 
the orientations to be consistent with the interpretation of Li as the push-off of Lq, 
however, we need to replace Li by its reverse Li.) As a consistency check, observe 
that tb(Lo) = — m = —q = pq — tb(Li) and lk(Lo, Li) — —q — tb(Lo)- Moreover, 
formute (4.3) and (4.4) in [1] give rot(io) = rot(Zi). 

As shown in ,8, Prop. 4.2a,b], cyclic permutations (by a Legendrian isotopy) of 
the A^-copy of a topologically trivial Legendrian knot are possible in (in contrast 
with Theorem [2] (a)). This proves the uniqueness of the Legendrian realisations of 
L in this case and completes the argument from [1]. 

Remark. According to 8, Thm. 5.1a], only cyclic permutations of the A^-copy of 
the Legendrian unknot are possible. For A^ = 3, this result is equivalent to Theo- 
rem[T] Indeed, with /: J^{S^) S'^ \Ko being the contactomorphism mentioned 
earlier, the Legendrian link /(Aq) U /(Ai) U Kf) is the 3-copy of the Legendrian 
unknot. Thus, if one were able to permute Aq and Ai in J^{S^), one would have 
a transposition of /(Aq) and /(Ai), even with Kq fixed during the isotopy. Con- 
versely, if one could transpose /(Aq) and /(Ai) by a Legendrian isotopy that 
ends up moving Kq to itself, one could also find a contactomorphism of that 
transposes /(Aq) and /(Ai), and fixes a neighbourhood of Kq pointwise. (Define 
the contactomorphism to be the time-l-map (jii of the isotopy outside a standard 
tubular neighbourhood A^o of Kq, set it equal to the identity on a smaller standard 
tubular neighbourhood contained in the interior of both A'o and (pi{No), and extend 
this to a contactomorphism on all of using the uniqueness up to contactomor- 
phism of the non-rotative tight contact structure on x [0, 1] with two dividing 
curves on each boundary component, as proved in 6, Prop. 4.9].) Our argument 
in [2 Proof of Thm. 3.3] then shows that one could also find a Legendrian isotopy 
that transposes /(Aq) and /(Ai) and keeps a neighbourhood of Kq fixed during 
the isotopy. Such an isotopy would induce a permutation of Aq and Ai in J^{S^). 

5. Cable links in J^{S^) 

Recall the definition of AIr and /i, A given at the beginning of the proof of 
Theorem [51 Any torus of the form T — dMu for some i? > is called a standard 
torus. By a (p,q)— cable link in J^{S^) we mean a link h = Lq \J Li isotopic (as 
an ordered, oriented link) to the union of Aq and a (p, g)-cable of Aq, i.e. a knot on 
a standard torus in the class of pfi + qX (with p and q coprime). Our main theorem 
gives a classification of the Legendrian realisations of this link type. 
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Theorem 4. With the exception of the case in Theorem\^ (a), two oriented Legen- 
drian cable links in { J^{S^),£,) are Legendrian isotopic if and only if their oriented 
link types and their classical invariants tb and rot agree. 

For a given pair {p, q), let h = Lq U Li and L* = Xq U i* be two Legendrian 
realisations of the {p, <;)-cable link having the same classical invariants. According 
to [U Thm. 3.3], Legendrian torus knots in (J^(S'^),^) are determined by the clas- 
sical invariants. Applied to Lq and Lq, regarded as a (0, l)-torus knot, this result 
tells us that we may assume Lq = Lq = S'^S''"Aq, where m := kg + Iq — — tb(Lo) 
and kQ — Iq — rot(Lo)- 

The strategy for proving Theorem [4] is now parallel to jT] . First determine an 
upper bound tb(Li) on the Thurston-Bennequin invariant of Legendrian realisa- 
tions Li of {p, q)-c'dh\es of the given Lq, and show that Legendrian realisations 
with non-maximal tb destabilise. Show further that Legendrian realisations with 
maximal tb are determined by rot. If there are distinct Legendrian realisations 
with maximal tb, one also needs to understand the relationship between their sta- 
bilisations. This last issue will only arise in one subcase, where it can essentially 
be settled by a reference to [1 . 

By choosing the orientation of Li appropriately, we may assume g > (and 
p = 1 for g = 0). 

Case 1: p = and q — 1. This is the case dealt with in Theorem [2j 

Case 2: p — \ and q — Q. Here Li is a meridian of Lq and thus in particular 
a trivial knot. So the Thurston-Bennequin inequality gives tb(Li) = —1, and this 
upper bound is obviously realised by a standard Legendrian unknot linked once 
with Lq. 

By Theorem[3]we may assume that Li lies on a convex standardly embedded 
torus T, i.e. a torus isotopic in J^{S^) \ Lq to a standard torus containing Lq in 
the interior. Choose i? > large enough such that the standard torus Too '■— dMn 
of slope oo contains T in the interior. Since tb(Lo) — —m, we find a small tubular 
neighbourhood of Lq, contained in the interior of T, with convex boundary having 
two dividing curves of slope — 1/m. Since slopes of convex standardly embedded 
tori decrease as we move away from Lq, and the slope can never be zero by the 
tightness of ^, we see that the slope of T must be of the form —r/s with coprime 
r £ N, s e No, and —r/s < —1/m. By Giroux flexibility, cf. [6l Thm. 3.4], we may 
perturb Too so that it still has two dividing curves of slope oo, but now a Legendrian 
ruhng of slope 0. 

Let A be an annulus connecting Li and a Legendrian ruling curve Loo on Too- 
We have tA{Li) = ir(ii) and t^(Loo) = tT^{Loo), so by Kanda's theorem — and 
using the convexity of both T and Too — we may assume that A is convex. If 2n 
denotes the number of dividing curves on T, the algebraic intersection number of 
Li with the dividing set on T equals 2nr. Thus, if n > 1 or r > 1, there is a 
boundary parallel dividing curve on A along Li, which allows us to destabilise that 
knot (obviously this can only happen if tb(Li) was smaller than —1 to start with). 
If n = r = 1, but the geometric intersection number between Li and Tt is larger 
than the algebraic intersection number, we can again destabilise. If n = r = 1 and 
#(Ti nFr) = 2, then tb(Li) = ^^(Ti) = ir(Ti) = -1 by Theorem^ so we are 
in the case tb(Li) = tb(Ti). The dividing set of A then consists of two curves 
connecting Li with Loo, so by Giroux flexibility we may assume that A is foliated 
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by Legendrian circles parallel to the boundary. This Legendrian ruling defines a 
Legendrian isotopy between Li and L^o (in the complement of Lq), which proves 
uniqueness of the Legendrian link L. 

Case 3: p > 1 and g > 1. Given a Legendrian link in J^{S^), we are going 
to study it via its image in \ Kq under the contactomorphism / mentioned in 
Section [21 We label objects in with a prime, and objects in J^{S^) without. 
It will be convenient (for comparison with the classification in |T]) to define L'q :— 
/(Lo) and L[ := f{Li) (i.e. /(ii) with reversed orientation). It is a straightforward 
check that if L = U Li is a {p, q)-cah\e link in J^{S^), then L' := Lq U L[ is 
a (p' ,q')-cahle link in S^, where p' = —q and q' = q ~ p. (Here meridian /i' and 
longitude A' on a torus T' around Lg are chosen as in Figure[31) With m :— — tb(Lo) 
and m! := — tb(_LQ) we have — m = —to' + 1^ = — m' + 1. (See [H p. 138] and the 
proof of Proposition [5] below for the relation between the Thurston-Bennequin 
invariant in J^{S^) and that same invariant in S^.) 

However, we shall see that the classification of Legendrian cable links in does 
not translate directly into a classification of Legendrian cable links in J^{S^). 

Proposition 5. If p > 1 and q > 1, then tb(Li) = p{q — 1). 

Proof. In Figure|3]we exhibit the front projection of a (p, q)-ca.hle Li to Aq (or any 
of its stabilisations) with p,q > 1 and tb(ii) — p{q — 1) (which can be read off as 
the writhe of that front). This example shows that tb(Li) > p{q — 1). 



It remains to prove the complementary inequality tb(Li) < p{q — 1) for every 
Legendrian (p, (7)-cable Li of Lq. 

li p > q, then the (— p', —g') -torus knot /(ii) is a positive torus knot. The 
maximal Thurston-Bennequin invariant of a positive {—p', — q')-torus knot is, ac- 
cording to ,3j Thm. 4.1], given by p'q' +p' + q' (this also holds for q' — 0, in which 
case p' — —1). With the correction term q^ — for a knot homotopic to q times the 
generator of 7ri( J"'^(5'^)) — between the Thurston-Bennequin invariant in J^(S^) 
and that in (cf. [D p. 138]), we find 



If < p < g, we consider the (—</', — p')-cable link Kq U f{Li); here {—q', —p') = 
{p — q,q) with q > 2. Thus, we produce a cable link in S'^ corresponding to 
Case 3(b) of tlj. Then [H Lemma 4.6] tells us that tb(/(Li)) < p'q'. (Observe that 
the situation discussed there, where we might have to interchange the roles of the 



q strands 




p such crossings 



Figure 4. {p, q)-cahle with maximal tb in Case 3. 



tb(Li) <ip-q)q-ip-q)-q + q^ = p{q - 1). 
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two link components, does not arise: this is a consequence of tb(A'o) — —1 > — q; 
see the discussion around [1, Lemma 4.5].) We compute 

tb(Li) = tb(/(Li)) < -q{q - p) + = pq. 

So in all cases p,q > 1 we have at least the estimate tb(-Li) < pq, and the 
following argument applies. (As regards the proof of the proposition, this argument 
is of course superfluous if p > q, but later it will be employed to conclude the 
classification in Case 3, where we need it for all p,q > 1.) Let T be a standardly 
embedded torus on which Li sits. Then triLi) = tb(Li) — pq < 0, so Theorem[3] 
allows us to assume that T is convex. As in Case 2, the dividing set Tt consists of 
2n curves of slope —r/s < —1/m. Thus 



#(LinrT) >27- 



> 2p. 



p —s 
q r 

Hence tT{Li) < —p (again by Theorem [3]), and therefore tb(ii) ^ pq + txiLi) < 
p{q — 1), as claimed. □ 



Remark. For < p < q, the estimate tb(Li) < p{q — 1) can also be obtained by 
appealing directly to Lemma 4.6], applied to the {p — q,q)-cah\e link KqU f{Li). 
Since tb(_R'o) = — 1, that lemma yields 

tb(Li) = tb(/(Li)) +q^ <{p- q)q - max(l ■ {p - q) + q,0) + q^ ^ p{q - 1). 

Now the reasoning for Case 3 is entirely analogous to Case 2. We take Too to be 
a (sufficiently large) convex standardly embedded torus having two dividing curves 
of slope oo, and Loo C T^o a ruling curve in a Legendrian ruling of slope q/p. Then 

#(LoonrT„) = 2p. 

On the other hand, we have #(ii H Tt) > 2p, with equality if and only if r = 1, 
s — 0, n = 1, and geometric intersection number being equal to the algebraic 
one. In all other cases, we can destabilise Li. If tb(ii) — tb(Li), we must have 
4j={Li HFt) = 2p, and with the help of a convex annulus A between Li and Loo we 
show those two curves to be Legendrian isotopic as in Case 2. This concludes the 
proof of Theorem |4] in Case 3. 

The next corollary shows that in some cases a Legendrian {p\q')-c'dh\e link in 
\ Kq can be further destabilised in S^, but not in \ Kq- 

Corollary 6. For < p < q — 1 there are Legendrian (p', q') -cable links in that 
are not Legendrian isotopic to the image under f of a Legendrian {p, q) -cable link 
in J^{S^). 

Proof. Let Lq\JL[ be a Legendrian {p' , q')~cah\e link in with q' > 2, p' < 0, and 
the unknotted component L'q having tb(LQ) = —m'. According to [H Lemma 4.6], 
the maximal Thurston-Bcnnequin invariant th(L[) is given by p'q' — max(TO'p' + 
q', 0). If Lq U L[ = f{Lo) U f{Li) is the image of a Legendrian {p, g)-cable link in 
J^iS^) with tb(io) = ~m, then 

m'p' + c/ = {m + 1) ■ {—q) + q — p = —mq — p < 0. 

If we consider arbitrary Legendrian realisations L^ULl of this link type in (with 
tb(LQ) = — m'), not necessarily coming from a link in J^{S^), then tb(L^) = p'q' = 
pq — q^ ■ This is larger than 

tb(/(Li)) = tb(Li) - g2 ^ p[q - 1) - q\ 
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SO a sufficiently high destabiUsation of L[ in S'^\L'q gives a Legendrian {p' , g')-cable 
hnk which is not Legendrian isotopic to the image of a Legendrian (jj, g)-cable link 
in ji(S'i). □ 

Thus, if Lq U Li is a Legendrian (p, g)-cable link in J^{S^) with < p < g — 1 
and tb(Li) — tb(Li) = p{q — 1), then /(Li) can be destabilised in \ f{Lo), but 
not in \ (/(Lq) Uifo)- Still, our uniqueness proof above implies that there can be 
no choice for rot(Li). This may seem surprising, since the classification from [1], 
applied to f{Lo)Uf{Li) in S^, allows freedom in rot(/(Li)) if tb(/(Li)) < th{L[). 
The paradox is resolved by considering, again, Kq U /(ii). Then [1] Lemma 4.11] 
gives 

rot(Li) = rot(/(Li)) = {p - q) ■ rot(iCo) = 0. 
This is indeed the rotation number realised by the cable in Figure HI 

Case 4: p < and q > 1. Here we have p' = —q < and q' — q — p > 2, so we 
are in Case 3(b) of [T]. Recall from the proof of Corollary[S]that m'p'+q' = —mq—p. 

Case 4(a): p < 0, q > 1 and mq + p < 0. This puts us in Case 3(bl) 
of [T]. The Legendrian {p', q')-ca.hle link LqUL[ in S'^ realising t'h{L[), constructed 
explicitly in Section 5 of our earlier paper, sits in S'^\Kq and thus gives a Legendrian 
realisation of a {p, q)~cah\e link in J^{S^) with 

tb(Li) = tb(Li) = p'q' - [m'p' + q') + q^ = pq + mq + p. 

Here is a more direct description of such a Legendrian cable link realising tb(Li). 
Consider a small standard neighbourhood of Lq with convex boundary Tq having 
two dividing curves of slope —1/m. Since q/p ^ — 1/m, Giroux flexibility allows 
us to assume that Tq has a Legendrian ruling of slope q/p. Let be one of these 
ruling curves. Then, by Kanda's theorem. 



p m 
q -1 



= pq + mq + p = tb(Li). 



The following argument is analogous to Cases 2 and 3, except that the protago- 
nist is now To in place of Too. Thus, let Li be any other Legendrian {p, q)-csLb\e 
of To J lying on some standardly embedded torus T. The neighbourhood in the 
previous construction can be chosen arbitrarily small, so we may assume that To 
sits in the interior of T. The fact that 

triLi) = tb(Ti) -pq < tb(Ti) - pq = mq + p < 

allows us to assume that T is convex, having 2n dividing curves of slope —r/s < 
-1/m. 

Observe that, since g > 0, we have sq + rp < r{mq + p) < 0. Hence 



#(TinrT) > -2 



p ~s 
q r 



>-2(mg + p)-#(L?nrTo), 



with equality if and only if Tt consists of two dividing curves of slope —r/s = — 1 /m. 
With the help of a convex annulus between Lf and Ti we conclude that Li can be 
destabilised for tb(Ti) < tb(Ti), and that Li is Legendrian isotopic to if its tb 
is maximal. 

Case 4(b): p < 0, q > 1 and mq + p > 0. This corresponds to Case 3(b2) 
of [T]. If g = 1, we are in subcase 3(b2-iii); if g > 1, in subcase 3(b2-ii). Here we 
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have th{L[) = p'q' = pq — , hence tb(Li) < pq. There are several Legendrian 
reahsations of this maximal tb, distinguished by rot(L']^). All these realisations, as 
described in [11 Section 5] , live in \ Kq in such a way that we may regard them 
as links in J^{S^). This yields tb(_Li) = pq. In order to establish a one-to-one 
correspondence between Legendrian (p, g)-cable links in J^{S^) and (p' ,q')~cah\e 
links in , we need to show the following: 

• In a (p', q')-cah\e link in \ Kq with non-maximal th(L[), the component 
L[ can be destabilised inside \ Kq. 

• Two (p'j g') -cable links in \ Kq with maximal tb(L'j^) and the same 
classical invariants are Legendrian isotopic inside \ Kq. 

• The relation between stabilisations with the same classical invariants com- 
ing from links with VoiL'^) — tb{L'i) but different rotation numbers are as 
described in Lemmata 4.20 and 4.21 of p!], respectively. 

The first point we can settle directly in J^{S^ ). If Lq LI Li is a (p, g)-cable link 
with tb(Li) < pq, we find a convex standardly embedded torus T on which Li 
sits. If the actual geometric intersection number between Li and the dividing set 
r of T is larger than the minimal one possible, there exists a bypass for Li on T, 
and we can destabilise Li. Thus, we may assume that T is in standard form of 
slope —r/s < —1/m, and the non-maximality of tb(iyi) then forces —r/s ^ q/p. 
Further, the condition mq + p > gives q/p < —1/m. So we find a convex torus 
Tg/p of slope q/p either between Tq and T (if q/p > —r/s) or between T and T^o 
(if q/p < ~r/s), and we can use a convex annulus between Li and a Legendrian 
divide on Tg/p to destabilise Li. 

The second point, for q > I, requires the use of [T], Lemma 4.14]. The proof of 
that lemma goes through in \ Kq, as can be seen by thinking of as being 
composed of a union of four pieces: a standard neighbourhood of Lq with bound- 
ary To, a thickened torus between Tq and T (on which Li sits), a thickened torus 
between T and Too, and a standard neighbourhood of Kq. 

For q = 1, this point cannot be settled with a simple reference to [T], for this is 
exactly the situation that necessitated the discussion in Section |4l That argument 
allows us to assume that our cable link sits in the interior of a solid torus V with 
convex boundary having two dividing curves of slope 1/p. (The reduction of the 
number of dividing curves on dV to 2 by using meridional discs in the complement 
also works in S^\Kq = J^{S^), because we can always choose the bypasses in such 
a way that we do not move across Kq in order to effect the destabilisation.) 

By 'unwinding' this solid torus V as in Section lU we may identify Lq U Li with 
a link Lq U T* in ^^(5*^) topologically isotopic to Aq U Ai, with tb(T2) = — m - p 
and tb(L^) ~ p ■ 1 — p — 0. Thus, if m -I- p > 0, then this link is determined by its 
classical invariants even inside V. li rn+p = 0, then Lq U L^ is Legendrian isotopic 
to Aq U Ai or Ai U Aq, and in particular a 2-copy. So Lq U Li is likewise a 2-copy, 
but now of a stabilised knot. In that case, it is easy to see that permutation is 
possible by a Legendrian isotopy, see Prop. 4.2a]. 

Finally, for the third point, a close inspection of the relevant arguments in [1] 
reveals that the mentioned lemmata do indeed hold in \ Kq. 

This completes the discussion of Case 4 and hence the proof of Theorem 2] 
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